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We develop a quantum theory for a variety of nuclear spin dynamics such as dephasing, relaxation,
squeezing, and narrowing due to the hyperfine interaction with a generic, dissipative electronic
system. The first-order result of our theory reproduces and generalizes the nonlinear Hamiltonian
for nuclear spin squeezing [M. S. Rudner et al., Phys. Rev. Lett. 107, 206806 (2011)]. The second-
order result of our theory provides a good explanation to the experimentally observed 13C nuclear
spin bath narrowing in diamond nitrogen-vacancy center [E. Togan et al., Nature 478, 497 (2011)].
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Diamond nitrogen-vacancy (NV) center is a leading
platform for quantum computation and sensing at the
nanoscale [1–7]. An important advantage of the NV cen-
ter is the long electron spin coherence time [8], which is
ultimately limited by the noise from the randomly fluc-
tuating 13C nuclei in ultrapure samples [9]. To protect
the NV spin coherence, dynamical decoupling [10, 11] has
achieved remarkable success in prolonging the NV spin
coherence time [12] for an ultrashort duration (∼ T ∗2 )
around the refocusing point. To achieve persistent co-
herence protection, especially for multiple coupled spins,
a promising approach is to suppress the nuclear spin noise
by narrowing the nuclear spin bath distribution. This ap-
proach has been widely explored and successfully demon-
strated in semiconductor quantum dots[13–22].
Recently the dynamics of nuclear spins in NV centers is
attracting increasing interest. Experimentally, hyperfine
induced nuclear spin decoherence and relaxation [1, 23–
32] have been studied and 13C nuclear spin bath nar-
rowing has been observed [33]. Theoretically, despite
many works on the nuclear spin dynamics induced by the
isotropic contact hyperfine interaction (HFI) with elec-
trons in quantum dots, most of them are not directly
applicable to the NV center, because the NV spin deco-
herence is dominated by the anisotropic dipolar HFI with
13C nuclei. The dipolar HFI does not conserve the total
spin and leads to very different electron-nuclear coupled
dynamics, e.g., the widely used Fermi golden rule ap-
proach does not fully capture the nuclear spin relaxation
under quasi-resonant optical pumping when the HFI is
anisotropic [34, 35]. Up to now, only the dynamics of a
few nuclei strongly coupled to the NV center has been
treated, either by direct numerical modelling [23–25] or
by rate equations to describe the incoherent relaxation of
the nuclear spin population, with the rate obtained either
phenomenologically [30–33] or from the Fermi golden rule
[26]. By contrast, narrowing of the many weakly coupled
13C nuclei, the dominant source of NV spin decoherence,
has not been addressed theoretically. The experimentally
observed narrowing of 13C nuclei in NV center [33] is
consistent with a theoretical prediction in semiconductor
quantum dots [36], but the specific physical mechanism
remains unclear.
In this letter, we develop a quantum theory for the nu-
clear spin dynamics induced by general HFI with a dis-
sipative electronic system. This theory has three distin-
guishing features compared with previous works. First,
instead of treating only the incoherent nuclear spin re-
laxation [34, 35], it include both the diagonal population
and the off-diagonal coherence and can describe a variety
of nuclear spin dynamics such as dephasing [23], squeez-
ing [37], and dynamic polarization and narrowing [13–
22, 36]. This is highly desirable given the recent advances
of electron-nuclei hybrid quantum registers [38–40]. Sec-
ond, instead of treating the entire HFI as a perturbation
[41], it treats the longitudinal HFI non-perturbatively,
the key to nuclear spin narrowing [34] and squeezing [37].
Third, without resorting to large electron-nuclear energy
mismatch and weak optical excitation [36], it only as-
sumes the electron-induced nuclear spin dynamics to be
much slower than the electron damping and is applicable
to many electron-nuclear coupled systems, such as sin-
gle [42–44] and double [45–49] quantum dots including
quadrupolar interactions [50, 51], as well as NV centers
[23–33]. We exemplify this theory in two paradigmatic
examples. The first-order result reproduces and gener-
alizes the nonlinear Hamiltonian responsible for nuclear
spin squeezing as proposed in Ref. [37]. The second-
order result provides a good explanation to the observed
13C nuclear spin narrowing [33] in NV center.
We consider many nuclear spins {Iˆk} coupled to a
generic, dissipative electron system. The nuclear Hamil-
tonian HˆN may include the Zeeman term and quadrupo-
lar effect. The electron Hamiltonian includes multi-
ple energy levels and external control such as opti-
cal/microwave pumping. We always work in an appro-
priate electron rotating frame and the nuclear spin in-
teraction picture, and decompose the total Hamiltonian
Hˆ(t) into the time-independent electron part Hˆe, the lon-
gitudinal HFI Kˆ that commutes with HˆN and hence in-
duces no nuclear spin flip between different eigenstates of
HˆN , and the transverse HFI Vˆ (t) that flips the nuclear
2spins. The coupled system obeys ρ˙(t) = −i[Hˆe + Kˆ +
Vˆ (t), ρˆ(t)]+Leρˆ(t), with Leρˆ ≡
∑
fi γfiD[|f〉〈i|]ρˆ for the
electron damping in the Lindblad form D[Lˆ]ρˆ ≡ LˆρˆLˆ† −
{Lˆ†Lˆ, ρˆ}/2. Here we focus on the electron-induced nu-
clear spin dynamics and leave the direct nuclear spin in-
teractions and the intrinsic nuclear spin damping to the
end of our discussion.
To derive a closed equation of motion for the nu-
clear spin state pˆ(t) ≡ Tre ρˆ(t), we employ the adia-
batic approximation to eliminate the fast electron mo-
tion. We introduce the complete nuclear spin basis set
|m〉 ≡ ⊗j |mj〉 as the common eigenstates of HˆN and Kˆ
with Kˆ|m〉 = Kˆm|m〉, where Kˆm is an electron operator,
e.g., Kˆm = Sˆzhm for the contact HFI Sˆ ·
∑
k ak Iˆk ≡ Sˆ · hˆ,
with hm ≡ 〈m|hˆz|m〉 being the nuclear field. The
(m,n)th block ρˆ(m,n) ≡ 〈m|ρˆ|n〉 of ρˆ obeys
ρ˙(m,n) = Lm,nρˆ(m,n) − i{ρˆ
(m,n), Kˆm,n}
2
− i〈m|[Vˆ , ρˆ]|n〉,
where Kˆm,n ≡ Kˆm − Kˆn and Lm,n(•) ≡ −i[Hˆm,n, •] +
Le(•) with Hˆm,n ≡ Hˆe+(Kˆm+ Kˆn)/2. Tracing over the
electron yields the evolution of p(m,n) ≡ 〈m|pˆ|n〉:
p˙(m,n) = −iTre {ρˆ
(m,n), Kˆm,n}
2
− iTre〈m|[Vˆ , ρˆ]|n〉.
The above two equations contain four time scales: elec-
tron evolution and damping on the time scale Te as driven
by Lm,n, nuclear spin precession on the time scale Tcoh in
the electron mean field 〈Kˆm,n〉 and 〈Vˆ (t)〉, nuclear spin
dephasing on the time scale T2 due to Kˆm,n fluctuation,
and nuclear spin relaxation on the time scale T1 due to
Vˆ (t) fluctuation. Any dynamics much slower than Te can
be adiabatically singled out. For specificity, we consider
Te ≪ Tcoh, T1, T2 and single out the full dynamics of pˆ(t)
on the coarse grained time scale ∆t≫ Te.
To apply the adiabatic approximation, we identify pˆ(t)
as the slow variable and other matrix elements of ρˆ as
fast variables. We treat Lm,n exactly and regard Kˆm,n
and Vˆ (t) as first-order small quantities. Carrying out
the adiabatic approximation to successively higher orders
(see Sec. A of [52]) gives the nuclear spin dynamics order
by order p˙ = (p˙)1 + (p˙)2 + · · · . The first-order dynamics
(p˙(m,n))1 = −i〈Kˆm,n〉m,np(m,n) − iTre〈m|[Vˆ , ρˆ0]|n〉,
(1)
describes nuclear spin precession in the electron
mean fields, which in turn depends on the nuclear
field via 〈•〉m,n ≡ Tre(•Pˆm,n). Here ρˆ0(t) =∑
m,n |m〉〈n|p(m,n)(t)Pˆm,n is the zeroth-order approxi-
mation to ρˆ(t) and Pˆm,n is the electron steady state
determined by Lm,nPˆm,n = 0 and Tre Pˆm,n = 1. For
〈p|Vˆ (t)|m〉 = Vˆ (p,m)e−iωp,mt [53], the second-order adi-
abaic approximation gives the nuclear spin relaxation
(p˙(m,m))2 =
∑
p
(Wm←pp
(p,p) −Wp←mp(m,m)) (2)
by the fluctuation of Vˆ (t), where the transition rate
Wp←m = 2Re
∫ ∞
0
eiωp,mtTre Vˆ
(m,p)eLp,mtVˆ (p,m)Pˆm,mdt
(3)
is a generalized non-equilibrium fluctuation-dissipation
relation and reduces to Refs. [34, 35] when Vˆ (t) is linear
in {Iˆn}. For the off-diagonal coherences, we have
(p˙(m,n))2 = −
(
Γϕ
m,n +
1
2
∑
p
(Wp←n|m +Wp←m|n)
)
p(m,n),
(4)
where we have neglected a second-order energy correction
and electron-mediated nuclear spin interactions, and
Γϕ
m,n ≡ Re
∫ ∞
0
Tre K˜m,ne
Lm,ntK˜m,nPˆm,ndt (5)
is the pure dephasing induced by the fluctuation of
K˜m,n ≡ Kˆm,n−〈Kˆm,n〉m,n. The expression for Wp←m|n
is slightly involved [52], but it reduces to Wp←m when
the difference between Kˆm and Kˆn is neglected. In this
case Eqs. (2) and (4) reduce to generalized Lindblad
master equation with nonlinear dependence of nuclear
spin precession, dephasing, and relaxation on the nuclear
field. This is the origin of nonlinear nuclear spin effects
such as squeezing and narrowing. The above equations
follow from perturbative treatment of both Kˆm,n and
Vˆ (t) on the time scale ∆t ≫ Te. If we focus on nu-
clear spin relaxation on the time scale ∆t≫ Te, T2, Tcoh,
then we can treat Kˆm,n exactly and still derive Eqs. (2)
and (3) (see Sec. B of [52]), with Lp,m replaced with
Ltot
p,m ≡ Lp,m(· · · )− i{(· · · ), Kˆp,m}/2 in Eq. (3).
Now we discuss the nuclear spin transition rate be-
yond the widely used Fermi golden rule by evaluating
Eq. (3) analytically via a perturbative expansion of∫∞
0 e
iωteLtdt = −(L + iω)−1 ≡ −G (with subscripts
p,m suppressed for brevity). For this purpose, we di-
vide L(•) ≡ −i[Hˆ, •] + Le(•) into the unperturbed part
Ld and the perturbation Lnd,
Ld(•) ≡ −i[Hˆd, •]− 1
2
{Γˆ, •}, (6a)
Lnd(•) ≡ −i[Hˆnd, •] +
∑
fi
γfi|f〉〈f |〈i| • |i〉, (6b)
where Hˆd =
∑
i εi|i〉〈i| (Hˆnd) is the diagonal (off-
diagonal) part of Hˆ, the self-energy −{Γˆ, •}/2 and the
quantum jump
∑
fi γfi|f〉〈f |〈i| • |i〉 are the diagonal and
off-diagonal part of Le, respectively, with Γˆ ≡
∑
i Γi|i〉〈i|,
and Γi ≡
∑
f γfi the total dephasing rate of |i〉. For
||Ld + iω|| ≫ ||Lnd||, we use Dyson equation G =
Gd − GdLndG with Gd ≡ (Ld + iω)−1 to obtain
Wp←m ≈ −2ReTre Vˆ (m,p)(Gd − GdLndGd)Vˆ (p,m)Pˆm,m,
(7)
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FIG. 1. (color online) NV center under CPT at low temper-
ature [33]. The solid (dashed) arrows denote laser excitation
(Lindblad damping). The parameters γ = 1/(12 ns), γs1 ∼ γ,
γs2 ∼ γ/120, and γce ∼ γ/800 are obtained by fitting the
fluorescence data [33].
where Gd(•) = i∑j,j′ |j′〉〈j′| • |j〉〈j|/zj′,j with zj′,j ≡
εj′ − εj−ω− i(Γj′ +Γj)/2. As an example, for Vˆ (p,m) =
λ|f〉〈i| (f 6= i), substituting Eqs. (6) into Eq. (7)
gives Wp←m as the sum of the Fermi golden rule con-
tribution W golden
p←m = 2pi|λ|2〈i|Pˆm,m|i〉δ((Γf+Γi)/2)(εf −
εi − ω) and the quantum coherent contribution
W coh
p←m = 2|λ|2 Im
∑
j〈i|Pˆm,m|j〉〈j|Hˆnd|i〉/(zf,izf,j),
where δ(γ)(∆) ≡ (γ/pi)/(∆2+γ2) is the Lorentzian shape
function. Typical external control gives rise to nonzero
Hˆnd and 〈i|Pˆm,m|j〉, so W cohp←m could be important and
even dominate when W golden
p←m is suppressed.
The above theory is applicable to many situations to
describe a variety of electron-induced nuclear spin dy-
namics. With the dependence of Lm,n and hence Pˆm,n on
Kˆm and Kˆn neglected, Eqs. (1-5) describe the indepen-
dent dynamics of individual nuclear spins [23]. Including
these dependences allow us to describe correlated nuclear
spin dynamics, such as squeezing [37] by Eq. (1) and
dynamic polarization and narrowing [14, 36] by Eq. (3).
Taking as an example the contact HFI Sˆ ·∑k ak Iˆk ≡ Sˆ · hˆ
with an electron under continuous pumping, we identify
Kˆ = Sˆzhˆz and neglect the fast oscillating Vˆ (t) term. The
first-order dynamics in Eq. (1) gives
(p˙(m,n))1 ≈ −i(hm〈Sˆz〉m,m − hn〈Sˆz〉n,n)p(m,n)
for strong electron damping 1/Te ≫ |hm − hn|, where
hm ≡ 〈m|hˆz|m〉. This is equivalent to p˙ = −i[pˆ, Hˆeff ]
driven by the Hamiltonian Hˆeff ≡ hˆz〈Sˆz〉hˆz with
〈Sˆz〉hˆz =
∑
m
|m〉〈m|〈Sˆz〉m,m. Such electron-induced
nonlinear nuclear spin Hamiltonian could lead to nuclear
spin squeezing, as pineered in Ref. [37], with a semi-
phenomelogical derivation of Hˆeff for the electron under
ESR. Here our first-order result provides an alternative,
microscopic derivation for general electron pumping.
Finally, we apply the theory to explain the 13C nu-
clear spin narrowing observed in NV center under coher-
ent population trapping (CPT) at low temperature [33].
The NV states consist of a Λ subsystem (|± 1〉 and |A1〉)
and a two-level subsystem (|0〉 and |Ey〉), both under res-
onant optical pumping (Fig. 1). Under two-photon reso-
nance (i.e., when | ± 1〉 are degenerate), the bright state
|b〉 of the Λ subsystem is pumped into |A1〉, which decays
into (and is trapped in) the dark state |d〉. However, the
CPT efficiency is degraded by the off-resonant optical ex-
citation of |d〉 into |A2〉. In the rotating frame of the two
lasers, the NV Hamiltonian Hˆe consists of the ground-
state Zeeman splitting geµBBSˆ
z
g ≡ ωeSˆzg , laser detuning
∆|A2〉〈A2| for | ± 1〉 → |A2〉 excitation, optical pumping
(ΩA/
√
2)(|A1〉〈b| + i|A2〉〈d| + h.c.) + (ΩE/2)(|Ey〉〈0| +
h.c.), and the strain term ξ⊥(|d〉〈d| − |b〉〈b|) (see [33] or
Sec. C of [52]). The excited states undergo spontaneous
emission within each subsystem, non-radiative decay be-
tween different subsystems, and pure dephasing γϕ for
each excited state. Since γs1 ≫ γce, the population of
the excited states is mostly in |Ey〉.
The NV ground and excited state spins Sˆg and Sˆe are
coupled to the on-site 14N nucleus Iˆ0 via contact HFI
AgSˆg · Iˆ0 + AeSˆe · Iˆ0, where Ae ≈ 40 MHz [54], and
Ag ≈ 2.2 MHz [55]. The total NV spin Sˆ ≡ Sˆg + Sˆe is
coupled to the surrounding 13C nuclei {Iˆn} via dipolar
HFI
∑N
n=1 Sˆ · An · Iˆn. For small magnetic field, Iˆ0 is
quantized along the N-V axis (z axis) by the mean field
Ag〈Sˆg〉+Ae〈Sˆe〉, which is constant along the z axis and
fast oscillating in the xy plane. Similarly, the nth 13C
nucleus Iˆn is quantized along ez ·An by the mean field
〈Sˆ〉 ·An. For convenience, we introduce local Cartesian
coordinates (en,x, en,y, en,z) for the nth
13C nucleus with
en,z = ez ·An/|ez ·An| and decompose the HFI into the
longitudinal part Kˆ ≡ Sˆzg hˆz and the transverse part [56]
Vˆ ≡ (AgSˆg,⊥ +AeSˆe,⊥) · Iˆ0,⊥ +
∑
n=1,2,··· ,N
Sˆ⊥ ·An · Iˆn,⊥,
(8)
where Iˆn,⊥ ≡ Iˆxnen,x + Iˆynen,y, Iˆαn ≡ Iˆn · en,α, and hˆz =
Ag Iˆ
z
0 +
∑
n |ez ·An|Iˆzn is the nuclear field. In the rotating
frame, the total density matrix ρˆ(t) obeys ρ˙(t) = −i[Hˆe+
Kˆ+Vˆ (t), ρˆ(t)]+Leρˆ, where Vˆ (t) is the transverse HFI Eq.
(8) transformed into the rotating frame, and Le accounts
for NV damping in the Lindblad form.
According to the general theory, we define the nuclear
spin basis |m〉 ≡ ⊗Nn=0|mn〉 as the product of eigenstates
of each nucleus: n = 0 for 14N (quantized along ez)
and n = 1, 2, · · · , N for 13C (quantized along the lo-
cal axis en,z). Each state |m〉 is an eigenstate of Kˆ,
i.e., Kˆ|m〉 ≡ Sˆzghm|m〉 with hm = 〈m|hˆz|m〉. The NV
steady state Pˆm,m is obtained from Lm,mPˆm,m = 0 and
Tr Pˆm,m = 1, where Lm,m(•) ≡ −i[Hˆe+Sˆzghm, •]+Le(•)
and Hˆe + Sˆ
z
ghm = Hˆe|ωe→δm≡ωe+hm , i.e., the nuclear
field hm changes the two-photon detuning from 2ωe to
2δm. Since Vˆ
(m±1k,m)(t) oscillates at GHz frequencies
≫ NV damping or laser Rabi frequencies, the nuclear
spin transition ratesWm±1k←m are obtained straightfor-
4wardly from the perturbation formula Eq. (7). The tran-
sition rate Wm+10←m = Wm−10←m for
14N from |m〉 to
|m ± 10〉 ∝ Iˆ±0 |m〉 is dominated by the following contri-
butions from different NV transitions: A2gχgPEyEy from
|0〉 → | ± 1〉 and A2e(
∑
f χf )PEyEy from |Ey〉 → |f〉,
where PEyEy ≡ 〈Ey|Pˆm,m|Ey〉 is the population on |Ey〉,
f runs over A1, A2, E1, E2 states, χg ≡ (γ + 2γce)/D2gs,
and χf ≡ (1/4)(Γf + γϕ)/(εEy − εf )2, with εf the
energy of |f〉 in the laboratory frame. These transi-
tion rates differ from the phenomenlogical expression
AePEyEy in Ref. [33], which only considers the
14N
flip by the NV transition |Ey〉 → |A1〉. Similarly, the
transition rate Wm±1n←m of the nth
13C nucleus from
|m〉 to |m ± 1n〉 ∝ Iˆ±n |m〉 is dominated by the fol-
lowing contributions: χg(|An,−,−|2+ |An,+,−|2)PEy ,Ey/8
from |0〉 → | ± 1〉, |An,y,−|2(χA1 + χE1)PEy,Ey/2 from
|Ey〉 → |A1〉, |E1〉, and |An,x,−|2(χA2 + χE2)PEy ,Ey/2
from |Ey〉 → |A2〉, |E2〉, where An,α,β ≡ en,α · An ·
en,β. Since PEy,Ey consists of the dominant CPT term
P
(0)
Ey,Ey
≡ P0δ2m/(δ2m + δ20) and a small correction ∼ χ ≡
(γ + γϕ)Ω
2
A/(4η1∆
2(γ + γs1)) from the off-resonant exci-
tation |d〉 → |A2〉, all the nuclear spin transition rates
∝ PEy,Ey are minimized at the two-photon resonance
δm = 0, where η1 = γce/γs1 and δ0 is the intrinsic
width of the CPT dip (see Sec. D of [52]). Therefore, al-
though much more involved, the weak-field nuclear spin
dynamics in the NV center is essentially similar to that
in quantum dot under a strong magnetic field [36]. The
differences are (i) different 13C nuclei are narrowed about
different local axis; (ii) NV ground and excited states all
contribute to the nuclear spin flip and narrowing; (iii)
off-resonant excitation |d〉 → |A2〉 limits the narrowing
efficiency, as suggested in Ref. [33] and discussed below.
The steady state is obtained by solving Eq. (2), where
n runs over |m ± 1k〉 with k = 0, 1, · · · , N . The nu-
clear spin interactions and intrinsic relaxation that are
neglected up to now is included by adding a 14N depolar-
ization rate γN to {Wm±10←m} and 13C depolarization
rate γC to {Wm±1n←m} (n ≥ 1). The calculated steady
state population of 14N on |m0 = 0〉 agrees with the ex-
periment [Fig. 2(a)]. At the optimal ΩA corresponding to
maximal population, the calculated 14N narrowing time
∼ 200 µs also agrees reasonably with the experimental
value ∼ 353±34 µs. We further confirm that the decrease
of the population at large ΩA arises from the off-resonant
excitation |d〉 → |A2〉, as suggested in Ref. [33].
A most important observation is the narrowing of
the 13C nuclei, manifested as the narrowing of the
CPT dip of the NV fluorescence (∝ steady state
NV population on |Ey〉) [33]. To compare with the
experiment, we first obtain the nuclear spin steady
state pˆss under the experimentally used magnetic field
ωe = geµBB = 0.18 MHz and then calculate the pˆss-
averaged population
∑
m
p
(m,m)
ss 〈Ey |Pˆm,m(ωre)|Ey〉
and the post-selected population
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FIG. 2. (color online) Comparison between experimental [33]
(symbols) and theoretical (lines) results. (a) Population on
|m0 = 0〉 of
14N nucleus. (b) NV fluorescence for different
states of the 13C nuclei. We choose γC = 2.5 × 10
−2 s−1,
γN = 0, ΩA = 2 MHz, C = 12, and readout Rabi frequency
ΩreA = 3.2 (black), 10 (orange), and 8 MHz (blue).
∑
m
p
(m,m)
ss e−C〈Ey|Pˆm,m(ωe)|Ey〉〈Ey|Pˆm,m(ωre)|Ey〉
under the readout magnetic field ωre ≡ geµBBre, where
C〈Ey |Pˆm,m(ωe)|Ey〉 is the average number of collected
photons in the conditioning window. When normalized
to unity at large ωre, the calculated populations agree
with the experimental fluorescence [Fig. 2(b)]. To
gain a clear understanding of the narrowing, we neglect
14N, replace the dipolar HFI tensor An by a uniform
one A‖ezez + A⊥(exex + eyey), set ωe = 0, and use
Fokker-Planck equation [34, 35] to obtain the distribu-
tion pss(h) ≡ Tr δ(hˆC − h)pˆss of the 13C nuclear field
hˆC = A‖
∑
n Iˆ
z
n:
pss(h) ∝
(
1 +
R
R+ Γdep
δ20
h2 + δ2s
)
e−h
2/(2σ2eq), (9)
where σeq =
√
NA‖/2 is the fluctuation of hˆC in ther-
mal equilibrium, R = (
∑
f χf + χg)A
2
⊥P0(1 − 2χ) is the
typical 13C spin-flip rate, Γdep = γC + χR is the total
13C depolarization rate due to the intrinsic depolariza-
tion (rate γC) and off-resonant excitation of |A2〉, and
δs =
√
Γdep/(R+ Γdep)δ0. Since R≫ Γdep under typical
experimental conditions, the Lorentzian factor 1/(h2+δ2s)
creates a sharp peak in pss(h) around h = 0 with a typ-
ical width δs ≪ δ0. This makes the steady-state fluc-
tuation σ = (〈hˆ2C〉 − 〈hˆC〉2)1/2 of hˆC with respect to
pss(h) much smaller than σeq, corresponding to
13C spin
bath narrowing. Equation (9) also suggests that the nar-
rowing would be degraded when ΩA exceeds an optimal
value due to the increase of δ0 and hence δs (by power
broadening) and Γdep (by off-resonant excitation |d〉 →
|A2〉). Without the strain and for small depolarization
γC , we can obtain the optimal narrowing analytically as
(σ/σeq)min ≈ (4η3/(piη21))1/4
√
σeq/∆, which is achieved
at δ0/(
√
2σeq) = (P0γC/(2Rη3))
1/4(∆η1/σeq)
1/2 with
η3 = ΓA1ΓA2/(γ + γs1)
2. We find numerically that the
strain has very small influence on the optimal narrowing,
although it has some affect at low pump power.
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The following sections provide background information related to specific topics of the main text. Section A provides a
detailed derivation of Eqs. (1)-(5) of the main text. Sec. B provides an exact treatment of the longitudinal hyperfine interaction
(HFI) ˆK and derive Eqs. (2) and (3) of the main text. Sec. C summarizes the NV Hamiltonian under the experimental condition
[1] of coherent population trapping. Sec. D provides analytical expressions for the steady NV state ˆPm,m.
A. Derivation of nuclear spin equations of motion
The starting point is
ρ˙(m,n) = Lm,nρˆ(m,n) − i
{ρˆ(m,n), ˆK(m,n)}
2
− i〈m|[ ˆV , ρˆ]|n〉, (1)
p˙(m,n) = −i Tre
{ρˆ(m,n), ˆK(m,n)}
2
− i Tre〈m|[ ˆV , ρˆ]|n〉. (2)
On the coarse grained time scale Te ≪ ∆t ≪ Tcoh, T1, T2, the trace p(m,n) ≡ Tre ρˆ(m,n) is slowly varying, while other elements
of ρˆ(m,n) almost instantaneously follows the trace p(m,n). Thus we treat the nuclear spin density matrix elements {p(m,n)} (zeroth-
order quantities) as slow variables and other variables as fast variables and identify ˆKm,n and ˆV as first-order small quantities.
Correspondingly, we decompose ρˆ = ρˆ0 + ρˆ1 + · · · , where ρˆk is a kth-order small quantity. Note that the trace of {ρˆ0} is the slow
variable pˆ = Tre ρˆ0, while other elements of ρˆ0 are fast variables. For consistency, for k = 1, 2, · · · , we require Tr ρˆk = 0, so ρˆk
are fast variables.
Since we always work in the nuclear spin interaction picture, any nuclear spin evolution is caused by the HFI with the electron.
Thus the zeroth-order dynamics vanishes: ( p˙)0 = 0.
1. First-order dynamics
The first-order evolution ( p˙(m,n)1 of the slow variable p(m,n) = 〈m| pˆ|n〉 is obtained from Eq. (2) by replacing ρˆ(t) with ρˆ0(t),
i.e., the solution to the zeroth-order version of Eq. (1):
ρ˙
(m,n)
0 = Lm,nρˆ
(m,n)
0 .
The trace of this equation gives p˙(m,n) = 0, i.e., we solve for the fast variables contained in ρˆ(m,n)0 as functions of the slow
variables p(m,n), which are regarded as fixed. Coarse-graining for an interval Te ≪ ∆t ≪ Tcoh, T1, T2 or equivalently calculating
the steady-state solution gives ρˆ(m,n)0 (t) = ˆPm,n p(m,n)(t), where ˆPm,n = ˆPn,m is the time-independent electron steady state as
determined by Lm,n ˆPm,n = 0 and Tre ˆPm,n = 1. By replacing ρˆ(t) with ρˆ0(t) = ∑m,n |m〉〈n|ρˆ(m,n)0 (t) in Eq. (2), we obtain ( p˙(m,n)1
as given by Eq. (1) of the main text.
2. Second-order dynamics
The second-order evolution ( p˙(m,n)2 of the slow variable p(m,n) is obtained from Eq. (2) by replacing ρˆ(t) with ρˆ1(t), the
solution to the first-order version of Eq. (1):
(ρ˙(m,n)0 )1 + ρ˙(m,n)1 = Lm,nρˆ(m,n)1 − i
{ρˆ(m,n)0 , ˆK(m,n)}
2
− i〈m|[ ˆV, ρˆ0]n〉,
2where (ρ˙(m,n)0 )1 = Pm,n( p˙(m,n))1 comes from the first-order evolution ( p˙(m,n))1. Substituting into the above equation and coarse-
graining for an interval 1/γe ≪ ∆t ≪ Tcoh, T1, T2 (or equivalently calculating the steady-state solution) gives
ρˆ
(m,n)
1 = ip
(m,n)L−1m,n
{Pm,n, ˜K(m,n)}
2
+ i
∑
p
(Lm,n + iωm,p)−1( ˆV (m,p)Pp,n − 〈 ˆV (m,p)〉p,nPm,n)p(p,n)
− i
∑
p
(Lm,n + iωp,n)−1(Pm,p ˆV (p,n) − 〈 ˆV (p,n)〉m,pPm,n)p(m,p)
as a function of the slow variables {p(m,n)}. Here L−1m,n ≡ −
∫ ∞
0 e
Lm,ntdt and (Lm,n + iωm,p)−1 ≡ −
∫ ∞
0 e
(Lm,n+iωm,p)tdt, and we have
assumed that ˆV (m,n)(t) = ˆV (m,n)e−iωm,n t oscillates at a single frequency ωm,n. We can verify the consistent condition Tre ρˆ1 = 0.
Then replacing ρˆ(t) with ρˆ1(t) in Eq. (2) gives the desired second-order nuclear spin evolution.
For m = n, neglecting the coupling of the nuclear spin population p(m,m) to nuclear spin coherences p(p,q) (p , q), which
amounts to neglecting the small second-order corrections to the transverse mean field 〈 ˆV(t)〉 and electron-mediated nuclear spin
interactions (they induce nuclear spin diffusion and depolarization, which will be included phenomenologically at the end of the
derivation), we obtain the nuclear spin relaxation Eq. (2) in the main text. The transition rate from |m〉 to |p〉 induced by ˆV(t) is
Wp←m ≡ −2 Re Tre ˆV (m,p)(Lp,m + iωp,m)−1( ˆV (p,m) ˆPm,m − 〈 ˆV (p,m)〉m,m ˆPp,m).
Using (Lp,m + iωp,m)−1 ˆPp,m = ˆPp,m/(iωp,m), the contribution from the second term ∝ ˆPp,m is (2/ωp,m) Im〈 ˆV (m,p)〉p,m〈 ˆV (p,m)〉m,m.
Since |p〉 and |m〉 differs only by a single nuclear spin flip, the difference between Pm,m and Pp,m are negligible and we recover
Eq. (3) in the main text.
For m , n, neglecting the coupling of p(m,n) to other variables, which amounts to neglecting the small second-order corrections
to the transverse mean field and the electron-mediated nuclear spin interaction, we obtain
( p˙(m,n)2 = −i(δǫ(2)m|n − δǫ(2)n|m)p(m,n) − Γ
ϕ
m,n p(m,n) −
∑
p(Wp←n|m + Wp←m|n)
2
p(m,n),
where Γϕm,n is given by Eq. (5) of the main text and
δǫ
(2)
n|m ≡ −
∑
p
Im Tre ˆV (n,p)(Lp,m + iωp,n)−1( ˆV (p,n)Pn,m − 〈 ˆV (p,n)〉n,mPm,p),
Wp←m|n ≡ −2 Re Tre ˆV (m,p)(Lp,n + iωp,m)−1( ˆV (p,m)Pm,n − 〈 ˆV (p,m)〉m,nPp,n).
B. Exact treatment of longitudinal hyperfine interaction ˆK
For the nuclear spin relaxation time T1 much longer than the electron damping time Te, we can adiabatically single out the
dynamics of {p(m,m)} on the coarse-grained time scale Te, Tcoh, T2 ≪ ∆t ≪ T1 by treating both Lm,n and ˆK(m,n) exactly and ˆV
as a perturbation. The slow variables are {p(m,m)} and others are fast variables. The zeroth-order steady state solution ρ(m,n)0 = 0
(m , n), so the first-order slow variable dynamics ( p˙(m,m))1 = 0. The first-order steady-state solution is determined from
ρ˙
(m,n)
1 = Ltotm,nρˆ
(m,n)
1 − i〈m|[ ˆV , ρˆ0]|n〉
as
ρˆ
(m,n)
1 = i
∑
p
[(Ltotm,n + iωm,p)−1 ˆV (m,p)ρˆ(p,n)0 − (Ltotm,n + iωp,n)−1ρˆ(m,p)0 ˆV (p,n)]
where Ltotm,n(•) ≡ Lm,n(•) − i{•, ˆK(m,n)}/2. Replacing ρˆ(t) in Eq. (2) with ρˆ1(t) and neglecting the coupling of p(m,m) to nuclear
spin coherences gives Eqs. (2) of the main text, with the transition rate
Wp←m = 2 Re
∫ ∞
0
eiωp,mtdt Tre ˆV (m,p)eL
tot
p,mt ˆV (p,m) ˆPm,m
obtained from Eq. (3) of the main text by replacingLtotp,m with Lp,m. In the perturbation limit, we have Ltotp,m ≈ Lp,m and recovers
Eq. (3) of the main text.
3C. NV Hamiltonian under coherent population trapping
The NV Hamiltonian for the coherent population trapping (CPT) experiment has been discussed in [1]. Here we reproduce
it with greater detail using our own notations. The NV states of relevance include 3 ground triplet states |0〉 (energy 0), | ± 1〉
(energy Dgs), 6 excited triplet states |Ey〉, |Ex〉 (energy εEx = εEy ), |E1〉, |E2〉 (energy εE1 = εE2 ), |A1〉 (energy εA1 ), |A2〉 (energy
εA2 ), and one metastable singlet |S 〉 (energy εS ). A linearly polarized laser with electric field E1e−iω1t/2 + c.c. and frequency
ω1 = εA1 − Dgs resonantly excites the ground states | ± 1〉 to the excited state |A1〉 and, at the same time, off-resonantly excited
|±1〉 to the excited state |A2〉with detuning ∆ = εA2 −εA1 . Another linearly polarized laser with electric field E2e−iω2 t/2+c.c. and
frequency ω2 = εEx resonantly excites |0〉 to |Ey〉. The relevant optical transition matrix element of the electric dipole operator
d ≡ −er are 〈A1|d| ± 1〉 = ±da,Ee±/(2
√
2), 〈A2|d| ± 1〉 = ida,Ee±/(2
√
2), and 〈Ey|d|0〉 = da,Eex/
√
2, where e± ≡ ex ± iey and da,E
is the reduced matrix element of the electric dipole moment [2]. Thus the laser coupling Hamiltonian
ˆHc(t) = ΩA2 (e
iφσˆA1 ,+1 − e−iφσˆA1,−1 + ieiφσˆA2,+1 + ie−iφσˆA2,−1)e−iω1t +
ΩE
2
e−iω2tσˆEy ,0 + h.c.,
where we have defined σˆi j ≡ |i〉〈 j|, ΩE = E2 · 〈Ey|d|0〉 = E2,xda,E/
√
2, and ΩAeiφ ≡ E1 · 〈A1|d| + 1〉 = daE(E1,x + iE1,y)/(2
√
2).
Defining the bright state |b〉 = (e−iφ| + 1〉 − eiφ| − 1〉)/√2 and dark state |d〉 = (e−iφ| + 1〉 + eiφ| − 1〉)/√2, the laser coupling
Hamiltonian simplifies to
ˆHc(t) = ΩA√
2
(σˆA1,b + iσˆA2,d)e−iω1t +
ΩE
2
e−iω2tσˆEy ,0 + h.c..
In the rotating frame |ψ(t)〉 connected to the laboratory frame |ψlab(t)〉 via |ψ(t)〉 = ei ˆH0t |ψlab(t)〉 with ˆH0 = εEx (σˆEx ,Ex + σˆEy ,Ey ) +
εE1 (σˆE1 ,E1 + σˆE2 ,E2 ) + εA1 (σˆA1,A1 + σˆA2,A2) + εS σˆS ,S + Dgs(σˆ1,1 + σˆ−1,−1), the NV Hamiltonian is
∆σˆA2 ,A2 +
ΩA√
2
(σˆA1,b + iσˆA2,d + h.c.) +
ΩE
2
(σˆEy ,0 + σˆ0,Ey ).
We further include an external magnetic field B along the z (N-V) axis and uniaxial strain with effective ground strain fields
ξx, ξy, ξz. The former gives rise to ground state Zeeman term geµBB ˆS zg ≡ ωe ˆS zg. The latter induces small corrections to the
energy splitting between | ± 1〉 and couples | + 1〉 and | − 1〉 through ˆHstrain ≡ −(ξx + iξy)σˆ1,−1 + h.c = −ξ⊥eiΘσˆ1,−1 + h.c, where
ξ⊥ ≡ (ξ2x + ξ2y )1/2 and Θ is determined by ξ⊥ cosΘ = ξx and ξ⊥ sinΘ = ξy (cf. Ref. [1]). The NV Hamiltonian becomes
ˆHe = ωe ˆS zg + ˆHstrain + ∆σˆA2 ,A2 +
ΩA√
2
(σˆA1,b + iσˆA2,d + h.c.) +
ΩE
2
(σˆEy ,0 + σˆ0,Ey ).
In the basis |b〉, |d〉, |0〉, we have ˆS zg = σˆd,b + σˆb,d and σˆ1,−1 = e2iφ(σˆd,d − σˆb,b + σˆb,d − σˆd,b)/2. Thus the strain term
ˆHstrain = −ξ⊥(σˆd,d − σˆb,b) cos(Θ + 2φ) − iξ⊥(σˆb,d − σˆd,b) sin(Θ + 2φ)
and the Zeeman term ωe ˆS zg = ωe(σˆd,b + σˆb,d) induces coupling between the dark state and the bright state. The strain-induced
coupling is minimized by choosing Θ + 2φ = π [1], such that
ˆHe = ξ⊥(σˆd,d − σˆb,b) + ωe(σˆb,d + σˆd,b) + ∆σˆA2 ,A2 +
ΩA√
2
(σˆA1,b + iσˆA2,d + h.c.) +
ΩE
2
(σˆEy ,0 + σˆ0,Ey ). (3)
D. Analytical expressions for steady NV state
The NV steady state ˆPm,m (denoted by ˆP for brevity) is determined by Lm,m ˆP = 0 and Tre ˆP = 1, where Lm,m(•) ≡ −i[ ˆHe +
ˆS zghm, •] +Le(•) and ˆHe + ˆS zghm = ˆHe|ωe→δm≡ωe+hm . Straightforward calculation gives
PS ,S =
2γce
γs
PEy ,Ey ,
P0,0 =
(
1 + γ + 2γce
WE
)
PEy ,Ey ,
γsPS ,S = γs1PA1,A1 + γs2PA2,A2 ,
Pb,b ≈ η1
1 + γϕ
ΓA1
+
γ + γs1
WA
 PEy ,Ey ,
4where WE ≡ Ω2E/ΓA1 is the resonant optical transition rate between |0〉 and |Ey〉, WA = Ω2A/ΓA1 is the resonant optical transition
rate from | ± 1〉 to |A1〉, and η1 ≡ γce/γs1. We treat the off-resonant | ± 1〉 → |A2〉 excitation perturbatively. Up to zeroth order,
near the two-photon dark resonance (small δm), we neglect O(δ4m) and high order terms and obtain
P(0)Ey ,Ey = P0
δ2m
δ2m + δ
2
0
,
P(0)A1,A1 = 2η1P
(0)
Ey ,Ey ,
P(0)d,d ≈ 1 −
(
2 + γ + 2γce
WE
)
P(0)Ey ,Ey ,
where
P0 ≈
1
2
η2
+ 2η1 γ+γs1WA +
γ+2γce
WE
,
δ20 ≈
η1η2
4
W2A − 8WAξ2⊥/ΓA1 + 4ξ2
η1η2 +
WA
γ+γs1
(
1 + η22
γ+2γce
WE
) ,
with η2 ≡ γs/(γs + γce) and we have used ξ⊥ ≪ ΓA1 and η1 ≪ 1. Note that only |Ey〉, |0〉, and |d〉 are significantly populated,
while the populations on |S 〉, |b〉, |A1〉 are much smaller than that on |Ey〉 since γce ≪ γs, γs1, γ. The leading order correction
from the off-resonant excitation to |A2〉 are
P(2)EyEy ≈
1
2η1
WA2
γ + γs1
P(0)dd ,
P(2)A1A1 =
WA2
γ + γs1
P(0)dd ,
P(2)A2A2 =
WA2
γ + γs2
P(0)d,d,
where WA2 = (Ω2A/2)ΓA2 /∆2 is the off-resonant transition rate from | ± 1〉 to |A2〉 and we have used γs2 ≪ γ, γs1. Now, with the
off-resonant excitation from |d〉 to |A2〉, the populations on the excited states no longer vanish even on two-photon resonance
δm = 0. As suggested in Ref. [1], this off-resonant excitation limits the efficiency of nuclear spin cooling and narrowing. Under
saturated pumping WE ≫ γ, we have P(0)dd ≈ 1 − 2P
(0)
Ey ,Ey .
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